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Abstract
This paper presents the momentum map structures which emerge in the dynamics
of mixed states. Both quantum and classical mechanics are shown to possess analogous
momentum map pairs associated to left and right group actions. In the quantum setting,
the right leg of the pair identifies the Berry curvature, while its left leg is shown to lead to
different realizations of the density operator, which are of interest in quantum molecular
dynamics. Finally, the paper shows how alternative representations of both the density
matrix and the classical density are equivariant momentum maps generating new Clebsch
representations for both quantum and classical dynamics. Uhlmann’s density matrix [58]
and Koopman wavefunctions [42] are shown to be special cases of this construction.
Contents
1 Pure vs. mixed states: quantum and classical 2
1.1 Quantum states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Classical states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2 Mixed states and momentum maps 5
2.1 Quantum mixtures as momentum maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Klimontovich approach to classical mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
3 Right actions and diffeomorphisms 8
3.1 The Berry curvature as a momentum map . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
3.2 The dual pair of classical mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
4 Momentum maps in quantum molecular dynamics 10
4.1 Born-Oppenheimer approximation and electron mixtures . . . . . . . . . . . . . . . . . . . . . . . 10
4.2 Exact factorization and the Berry curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
5 Clebsch representations 12
5.1 Uhlmann’s quantum density operator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
5.2 Wavefunctions in classical mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
5.2.1 Koopman-von Neumann classical mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . 14
5.2.2 Koopman-van Hove classical mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
6 Conclusions 16
1
1 Pure vs. mixed states: quantum and classical
The geometric setting of quantum mechanics has been attracting attention ever since the work
of Kibble [37], who showed how Schro¨dinger’s equation is a Hamiltonian system on the projec-
tive Hilbert space. Over the years, the geometric viewpoint of both pure and mixed states in
quantum mechanics has been developed in several works [5, 13, 14, 18, 44, 49, 58]. However,
while the difference between pure and mixed quantum states is widely known, its classical
correspondent is only rarely reported in the literature, see e.g. [15, 56]. This difference is
especially important when one considers the coexistence of quantum and classical systems. For
example, in quantum molecular dynamics, the complexity of a full quantum treatment requires
approximations which treat parts of the molecule (the nuclei) as classical particles interacting
with a pure state wavefunction governing the electronic quantum dynamics [6, 48].
This paper presents a correspondence between the geometric features underlying the dy-
namics of quantum and classical states in terms of momentum map structures. This is a
relatively new perspective. Indeed, while the momentum map character of projection oper-
ators in quantum mechanics and point measures in the classical phase-space have long been
known, a deeper investigation of the several other momentum maps appearing in quantum
mechanics has begun only more recently. For example, in [54, 55] momentum maps were used
for multipartite systems to characterize entanglement, while in [8, 9, 51] momentum maps were
related to expectation value dynamics. On the other hand, in the case of multipartite systems,
partial traces of the density matrix have long been known to identify momentum maps [49].
In this paper, the concept of momentum map is applied to mixed states in both quantum and
classical mechanics. While this section continues by reviewing the geometric setting of quantum
and classical pure states, geometric extensions of the concept of quantum (and classical) mixture
are presented later. In this generalized context, this paper shows that the celebrated Berry
curvature [7] also identifies a momentum map, whose dynamics appears in recent molecular
dynamics models [1, 2] beyond the Born-Oppenheimer approximation [6, 12]. In the last part
of the paper, new momentum map structures are shown to recover and extend alternative
representations of both quantum and classical mechanics, such as Uhlmann’s density matrix of
quantum states [58] and the Koopman wavefunction for classical dynamics [42].
1.1 Quantum states
Consider a physical system consisting of only one particle. In the quantum case, the particle
dynamics may have two alternative descriptions depending on whether the system is in a pure
or a mixed state. If the system is in a mixed state, then the particle dynamics is given in
terms of a positive-definite Hermitian operator ρ defined on the quantum Hilbert space H and
obeying the quantum Liouville equation
i~∂tρ = [H, ρ] , (1)
where H is the Hermitian Hamiltonian operator for the system. Notice that, since formally
ρ evolves under unitary transformations as ρ(t) = e−itH/~ρ0e
itH/~, both the unit-trace and the
positivity conditions Tr ρ = 1 are simply added here as initial conditions that are preserved
in time. If we denote by SQ ⊂ Her(H ) the convex subset of density operators in the set of
Hermitian operators, its extreme points define the pure states. The latter are realized in terms
of projection operators of the type
ρ = ψψ† , (2)
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where ψ ∈ H is the usual wavefunction satisfying the Schro¨dinger equation
i~∂tψ = Hψ .
Typically, the wavefunction is normalized, so that ‖ψ‖2 = 1 and Tr ρ = 1. In this work, the
normalization of the wavefunction is regarded as an initial condition that is preserved by the
unitary dynamics produced by Schro¨dinger’s equation. Another possibility would be to work
directly on the unit sphere S(H ) in the Hilbert space H or the projective Hilbert space PH
[37]. However, here we prefer to deal with the Hilbert space H itself to simplify the treatment.
In addition, unless otherwise specified, in this paper we shall assume that the Hilbert space is
finite-dimensional, that is H = Cn. Although most results formally apply also in the infinite-
dimensional case (typically, H = L2(R3)), a finite-dimensional Hilbert space allows avoiding
several important difficulties emerging in infinite dimensions; for example, see the discussions
in [17].
It is well known [14] that the map
ψ 7→ −i~ψψ†
is an equivariant momentum map for the left representation ψ 7→ Uψ of operators U ∈ U(H )
in the unitary group U(H ) on the quantum Hilbert space. This is easily seen by considering
the canonical symplectic structure on H , which is given as
ω(ψ1, ψ2) = 2~ Im〈ψ1|ψ2〉 (3)
where 〈·|·〉 denotes the standard inner product, that is 〈ψ1|ψ2〉 = Tr(ψ†1ψ2). The momentum
map J : H → u(H )∗ is given by the usual formula [46, 32] for linear Hamiltonian actions,
that is
〈J(ψ), ξ〉 = 1
2
ω(ξ(ψ), ψ) = ~ Im〈ξψ|ψ〉 = 〈−i~ψψ†, ξ〉 , (4)
where ξ ∈ u(H ) and ξ(ψ) denotes the infinitesimal Lie algebra action of u(H ) on H . On the
left-hand side of (4), we have used the following notation for the real-valued pairing
〈µ, ξ〉 = Re (Tr(µ†ξ)) , ∀µ ∈ u(H )∗, ∀ ξ ∈ u(H ) ,
and, as H is finite-dimensional, we have identified u(H )∗ ≃ u(H ) via the inner product
〈µ|ξ〉 = Tr(µ†ξ).
1.2 Classical states
Let us now consider the situation in the classical case. For one-particle systems, mixed states
are identified with probability distributions in the space of densities Den(R6), where we have
used T ∗R3 ≃ R6. The dynamics of a classical probability distribution is then given by the
classical Liouville equation
∂tf = {H, f} , (5)
where {·, ·} denotes the canonical Poisson bracket on R6 and H denotes the classical Hamilto-
nian function. Similarly to the quantum case, if we denote by SC ⊂ Den(R6) the convex subset
of positive-definite (probability) distributions in the set of phase-space densities, its extreme
points define the pure states. In the classical setting, the latter coincide with point measures
of the type
f(q,p, t) = δ(q− q¯(t))δ(p− p¯(t)), (6)
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so that the Liouville equation (5) returns Hamilton’s equations
˙¯q = ∂p¯H(q¯, p¯) , ˙¯p = −∂q¯H(q¯, p¯) ,
for the motion of the single particle in the system. For further details, see [15] and [56].
Again, the mapping
(q¯, p¯) 7→ δ(q− q¯)δ(p− p¯) (7)
is the general case of an equivariant momentum map T ∗R3 → Den(R6) which first appeared
in [47] and was later studied in [24, 33, 25]. The geometry underlying this momentum map is
somewhat involved and goes back to van Hove’s thesis [59] in 1951. As mentioned, the map (7)
takes phase-space in the space Den(R6) of densities, which is identified with the dual of phase-
space functions in C∞(R6). In turn, the latter space is a Lie algebra under the canonical Poisson
bracket {·, ·} and this Lie algebra integrates to an infinite dimensional group that was studied
in detail by van Hove. Previously called “contact transformations” by Dirac [19, 20] (following
Lie [43]), the elements of this group were later named strict contact transformations [26] as they
apply only to autonomous Hamiltonian systems (i.e. with a time-independent Hamiltonian).
In this context, the prequantum bundle T ∗R3×S1 ≃ R6×S1 is a contact manifold with contact
1-form A + dτ , where A = −p · dq is the canonical one form on T ∗R3 ≃ R6. The contact
form identifies a connection on the prequantum bundle and this connection has the local form
A. In this setting, strict contact transformations are given by connection-preserving bundle
automorphisms, that is
AutA(R
6 × S1) =
{
(η, eiϕ) ∈ Diff(R6)sF(R6, S1)
∣∣∣ η∗A+ dϕ = A} . (8)
Here, the symbol s denotes the semidirect product, ∗ denotes pullback, and d is the exterior
differential on R6 (so that dϕ = ∇ϕ). It is clear that η∗dA = dA and also ϕ = θ+´ z
0
(A−η∗A),
where θ = ϕ(0) and the line integral is computed along an arbitrary curve connecting the origin
to the point z. Notice that we shall use the notation F(M,N) to indicate the space of mappings
from the manifold M to the manifold N .
A more convenient setting for dealing with these transformations is provided by central
extensions. Indeed, the group (8) of strict contact transformations is isomorphic to a cen-
tral extension of canonical transformations (that is, Hamiltonian diffeomorphisms, denoted by
DiffHam(R
6)) by the circle S1 and its multiplication rule reads as follows [23, 24, 35]:
(η1, e
iκ1)(η2, e
iκ2) =
(
η1 ◦ η2, exp
(
iκ1 + iκ2 + i
ˆ η2(0)
0
(η∗1A−A)
))
, (9)
where (ηj , κj) ∈ DiffHam(R6) × S1 and ◦ denotes composition. Notice that here the Cartesian
product symbol × stands as an abuse of notation because the group DiffHam(R6)×S1 is actually
a central extension (not a direct product). This group extension possesses the natural left action
on R6, given by (p,q) 7→ η(p,q), and whose infinitesimal generator is (p,q) 7→ XH(p,q) (here,
XH denotes the Hamiltonian vector field generating the canonical transformation η). Notice
that, in this case, the group action is not linear and thus relations such as the first equality in
(4) cannot be used. However, (7) is easily seen to be a momentum map [24, 33] upon verifying
the Poisson bracket formula{
F,
ˆ
J(q¯, p¯)H(q,p) d3q d3p
}
= XH [F ] = −{H,F} , ∀F ∈ C∞(R6) (10)
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for nonlinear symplectic actions. Indeed, this relation is verified immediately by setting
J(q¯, p¯) = δ(q − q¯)δ(p− p¯). In addition, this momentum map is manifestly equivariant since
det∇η = 1 and thus (J ◦ η)(q¯, p¯) = η∗J(q¯, p¯).
The above correspondence between pure and mixed states in quantum and classical me-
chanics is the point of departure for this paper, which shows how the fundamental momentum
maps reported above can be immediately generalized to yield momentum map pair structures
in different contexts.
2 Mixed states and momentum maps
The setting outlined in the previous section can be immediately generalized to what is usually
called mixtures in the context of quantum mechanical states. The same concept also applies
to classical mechanics within the so-called Klimontovich method of kinetic theory [40]. Before
beginning the discussion, it is important to remark that here we continue to consider a one-
particle system in both the quantum and the classical setting.
2.1 Quantum mixtures as momentum maps
In quantum mechanics, mixed states are often expressed in terms of mixtures of (non-orthogonal)
pure states as follows:
ρ =
N∑
k
wkψkψ
†
k , (11)
where ψk ∈ H . Here, the number N has nothing to do with the number of particles in the
system, since here we only deal with one particle. In standard textbooks [52, 60], the relation
(11) is usually interpreted as a mixture of pure states for the one-particle system, where wi
indicates the probability of the k−th pure state ψi in the mixture. For consistency, one also
requires that ‖ψk‖2 = 1, so that Tr ρ =
∑
k wk = 1. In analogy to the case of pure states,
see (2), this normalization will be recovered here as an initial condition that is preserved by
unitary dynamics.
In order to unfold the momentum map features of (11), let us define the following symplectic
form on the Cartesian product H × · · · ×H :
Ω({ψ(1)k }, {ψ(2)k }) = 2~
N∑
k
wi Im〈ψ(1)k |ψ(2)k 〉 , {ψ(1)k }, {ψ(2)k } ∈ H × · · · ×H (12)
Then, it is immediate to see that the quantity −i~ρ = −i~∑k wkψkψ†k identifies an equivariant
momentum map of the type
H × · · · ×H → u(H )∗,
for the natural right action {ψk} 7→ {Uψk} of unitary operators U ∈ U(H ). In turn, this
momentum map leads to a sequence of Schro¨dinger equations for each pure state ψk, that is
i~∂tψk = Hψk . (13)
This can be verified by simply replacing (11) in the quantum Liouville equation (1) for ρ.
Here, each wavefunction ψk evolves under the unitary propagator U(t) = exp(−iHt/~), so that
ψk(t) = U(t)ψ
(0)
k and the normalization condition ‖ψk‖2 = 1 is preserved in time. Since the
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quantum Liouville equation (1) also preserves Tr ρ = 1, this leads immediately to
∑
k wk = 1.
Similar considerations will also apply to other cases throughout this paper.
The above picture can be further extended upon replacing the sequence {ψk}k=1...N by a
continuous family of wavefunctions ψk(r) parameterized by a set of coordinates r ∈ Rn. In
this setting, the normalization condition becomes ‖ψ(r)‖2 = 1 and the weights wk are replaced
by the measure w(r) ∈ Den(Rn), so that (Rn, w) becomes a volume vector space and (11)
generalizes to
ρ =
ˆ
w(r)ψ(r)ψ†(r) dnr . (14)
For example, this type of expression emerges in dynamical models for nonadiabatic molecular
dynamics [21, 35], where it determines the density operator for the electronic dynamics. As it is
shown below, this expression determines the left leg of a dual pair of momentum maps underly-
ing quantum dynamics. The momentum map character of the quantity −i~ ´w(r)ψ(r)ψ†(r) dnr
is easy to see. If we denote by F(Rn,H ) the set of wavefunctions in H that are parameterized
by r ∈ Rn, it suffices to construct the symplectic form
Ω
(
ψ(1), ψ(2)
)
= 2~ Im
ˆ
w(r)
〈
ψ(1)(r)
∣∣ψ(2)(r)〉dnr (15)
to observe that the generalized mixture (14) identifies a momentum map for the natural right
action ψ(r) 7→ Uψ(r) of unitary operators U ∈ U(H ). We remark that the symplectic form
(15) is strictly related to a class of symplectic forms previously appeared in [24, 25]; let S be a
compact orientable manifold with volume form µS and let (M,ω) be an exact symplectic man-
ifold. One can endow the manifold F(S,M) of smooth functions S → M with the symplectic
form
ω¯(f)(uf , vf) =
ˆ
S
ω(f(x))(uf(x), vf(x))µS.
In our case, M = H and the symplectic form above recovers (15) upon replacing S by Rn and
by setting µS = w(r) d
nr. Since Rn is not a compact manifold, special care must be taken in
ensuring that the integral in (15) converges; however, here we proceed formally without dealing
with these important issues.
It is obvious that the above picture can be generalized further to consider a sequence of
volume forms {wk(r)dnr} on Rn so that the Cartesian product F(Rn,H ) × · · · × F(Rn,H )
can be endowed with the symplectic form
Ω
(
({ψ(1)k (r)}, {ψ(2)k (r)})
)
= 2~ Im
[
N∑
k=1
ˆ
wk(r)
〈
ψ
(1)
k (r)
∣∣ψ(2)k (r)〉dnr
]
, (16)
thereby leading to an equivariant momentum map associated to the density matrix
ρ =
N∑
k=1
ˆ
wk(r)ψk(r)ψ
†
k(r) d
nr , (17)
which generalizes the previous expressions.
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2.2 Klimontovich approach to classical mechanics
The arguments in the previous section transfer immediately to the classical setting. For exam-
ple, the momentum map (6) immediately extends to the sampling distribution
f(q,p) =
N∑
k
wk δ(q− q¯k)δ(p− p¯k) , (18)
where again
´
f d3q d3p =
∑
k wk = 1. Analogously to the quantum case, one defines the
following symplectic form on R6N :
Ω
({(q¯k, p¯k)}) = N∑
k
wk dq¯k ∧ dq¯k (19)
and verifies that the natural action {(q¯k, p¯k)} 7→ {η(q¯k, p¯k)} of the group DiffHam(R6)× S1 on
R6N determines a momentum map which coincides with (18). Again, notice that the number N
has generally nothing to do with the number of particles: indeed, in our setting the system under
consideration comprises only one particle whose probability density is given by the distribution
f(q,p). As mentioned above, the expression (18) can be interpreted as a classical mixture in
terms of a standard sampling process in statistics. Nevertheless, we observe that replacing
(18) in the classical Liouville equation (5) does return a multi-body system obeying canonical
equations
˙¯qk =
1
wk
∂H
∂p¯k
, ˙¯pk = − 1
wk
∂H
∂q¯k
,
as it is prescribed by the collectivization theorem of Guillemin and Sternberg [27]. Notice
that these Hamiltonian equations are not strictly canonical since they are associated to the
symplectic form (19), which itself is not exactly canonical. The same argument holds, for
example, in point vortex motion [47].
In previous work [24, 33], the author considered the following extension of the above con-
struction. Upon replacing the sequence {(q¯k, p¯k)}k=1...N by a continuous family of points
(q¯(r), p¯(r)) parameterized by a set of coordinates r ∈ Rn, one can construct the distribution
f(q,p) =
ˆ
w(r) δ(q− q¯(r))δ(p− p¯(r)) dnr , (20)
where w(r) ∈ Den(Rn). Once again, one can construct a symplectic form [24, 25] on F(Rn,R6)
Ω(X,Y) =
ˆ
w(r)Xa(r)JabY
b(r) dnr , ∀X,Y ∈ F(Rn,R6)
where Jab is the canonical symplectic form. Then, the relation (20) identifies an equivariant
momentum map for the natural action
(
q¯(r), p¯(r)
) 7→ η(q¯(r), p¯(r)) of the group DiffHam(R6)×
S1 on the symplectic space F(Rn,R6).
To continue the analogy with the previous section, we can also generalize further the con-
struction above and consider a sequence of volume forms {wk(r)dnr} on Rn so that the Cartesian
product F(Rn,R6)× · · ·×F(Rn,R6) can be endowed with a suitable symplectic form, thereby
leading to the momentum map
f(q,p) =
N∑
k=1
ˆ
wk(r) δ(q− q¯k(r))δ(p− p¯k(r)) dnr . (21)
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For example, expressions of this type were considered in [33], where they were also related
to the singular solutions emerging in certain types of hydrodynamic PDEs, known as EPDiff
equations [31].
3 Right actions and diffeomorphisms
In the previous sections, all momentum maps appearing in quantum and classical mixed states
were associated to specific left actions of U(H ) and DiffHam(R6) × S1, respectively. In the
particular case when the representation spaces are F(Rn,H ) and F(Rn,R6), with Rn carrying
the volume form w = w(r) dnr, additional momentum maps can be constructed by considering
the pullback action of the group Diffvol(R
n) of volume-preserving diffeomorphisms of Rn. In the
case of classical mechanics, this fact led Marsden and Weinstein [47] to construct a dual pair of
momentum maps underlying planar incompressible fluid flows. As reported also in the sections
below, this construction has recently been developed further in [24, 25], while the application
to Liouville-type (Vlasov) equations was presented in [33]. The following section shows that
an analogue construction also underlies quantum mixed states.
3.1 The Berry curvature as a momentum map
As mentioned above, the space F(Rn,H ) comprising the wavefunctions ψ(r) (also known as
electronic wavefunctions in molecular dynamics [6, 48]) carries two different representations.
On one hand, the group U(H ) of unitary operators acts from the left, thereby generating
the momentum map associated to (14). On the other hand, the group Diffvol(R
n) of volume-
preserving diffeomorphisms of Rn carries a right (linear) action given by the pullback operation.
In turn, this momentum map is given as
ψ(r) 7→ d〈ψ(r)∣∣− i~dψ(r)〉 = dA(r) =: B(r) . (22)
Here d is the differential on Rn and the one-form
A = 〈ψ| − i~dψ〉 (23)
is the celebrated Berry connection [7] on the circle bundle Rn × S1, so that the equivariant
momentum map for the pullback representation of Diffvol(R
n) on F(Rn,H ) is given by the
Berry curvature B = dA. The proof that the mapping (22) is a momentum map is a direct
verification upon applying the formula
〈J(ψ), ξ〉 = −1
2
Ω(ξ(ψ), ψ) , (24)
where the symplectic form Ω is given in (15) and the minus sign is now due to the fact that we
are dealing with a right action (different sign conventions for left/right actions appear in the
literature). Here, the Lie algebra element ξ is given by a volume-preseving vector field acting
on ψ(r) by Lie derivative, that is ψ 7→ ıξdψ, where ıξ denotes the insertion of a vector field into
a one-form. Since ξ is such that div(wξ) = 0, then
ξ♭ = w−1δγ , (25)
where ♭ is the index lowering (flat) operator, δ denotes the co-differential [3] and the two-form
γ ∈ Λ2(Rn) is usually known in fluid dynamics as the stream-function. For more details, see
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[25, 47]. Since we are in Rn, we can drop the flat symbol by using the Euclidean metric. In the
general case, the relation (25) defines a Lie algebra isomorphism between the space Xvol(R
n)
of incompressible vector fields and the space Λ2(Rn)/R of two-forms modulo real numbers. At
this point, it suffices to expand the right hand side of (24) to get
− 1
2
Ω(ξ(ψ), ψ) = −~
ˆ
〈ψ|idψ〉 ∧ ∗δγ = 〈A, δγ〉 = 〈dA, γ〉 , (26)
where we have used the Hodge star operator ∗ : Λk(Rn)→ Λn−k(Rn) and integration by parts
under the Hodge pairing. Then, since the space ξ ∈ Xvol(Rn) is identified with γ ∈ Λ2(Rn)/R,
the dual space Xvol(R
n)∗ of incompressible vector fields can be identified with the space dΛ1(Rn)
of exact two-forms and thus the relation (24) returns the momentum map
J(ψ) = dA = ~ Im(dψ† ∧ dψ) ∈ Λ2(Rn) ≃ Xvol(Rn)∗ , (27)
indeed coinciding with the Berry curvature B := dA. Here, it may be useful to remark that
this picture may also be extended to the generalized case associated to the density matrix
expression (17) upon considering the direct product group Diff(1)vol (R
n)×· · ·×Diff(N)vol (Rn), with
Diff(k)
vol
(Rn) = {η ∈ Diff(Rn) | η∗wk = wk}.
To summarize, the space F(Rn,H ) of parameterized (electronic) wavefunctions is a repre-
sentation space for two different groups, that is U(H ) (acting from the left) and Diffvol(Rn)
(acting from the right). Both these groups carry Hamiltonian actions producing momentum
maps summarized as follows:
u(H )∗ ←− F(Rn,H ) −→ Xvol(Rn)∗ , (28)
where the left leg corresponds to the relation (14) and the right leg is given by (22).
Special cases of similar constructions are provided by dual pairs, in which the kernels of the
two momentum maps enjoy a symplectic orthogonality condition [24, 25, 62]. For example, a
different pair of momentum maps in the context of quantum mixed states was found to be a
dual pair in [49]. In this case, ψ ∈ H = H (1) ⊗H (2) and the partial traces ρ2 = TrH (1) ψψ†
and ρ1 = TrH (2) ψψ
† were found to identify momentum maps for the natural actions of U(H (2))
and U(H (1)), respectively. Then, the momentum map pair u(H (2))∗ ← H → u(H (1))∗ was
found to be a dual pair.
In the classical case, a construction similar to (28) also leads to a dual pair of momentum
maps [24, 25, 47] and this is reported in the following section.
3.2 The dual pair of classical mechanics
As discussed above, the group of volume-preserving diffeomorphisms has a natural pullback
action on the space of parameterized wavefunctions. Likewise, in the classical setting the same
group acts by pullback on the space F(Rn,R6) of generalized coordinates (q¯(r), p¯(r)) from
Section 2.2. Since this representation is also Hamiltonian, it leads to an equivariant momentum
map that is expressed as [24, 25, 33](
q¯(r), p¯(r)
) 7→ −d(p¯a(r)dq¯a(r)) = dq¯a(r) ∧ dp¯a(r) ∈ dΛ1(Rn) ≃ Xvol(Rn)∗ , (29)
which is the immediate classical analogue of the Berry curvature from the previous section.
Then, we are left with a similar picture to that found in the quantum case, which may be
summarized as follows:
XHam(R
6)∗ × R←− F(Rn,R6) −→ Xvol(Rn)∗ . (30)
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Here, the Lie algebra XHam(R
6) × S1 of the group DiffHam(R6)× S1 can be identified with the
Poisson algebra C∞(R6) via the isomorphism [23](
XH(q,p), γ
) 7→ H(q,p)−H(0, 0) + γ ,
so that the dual space XHam(R
6)∗ × R can be replaced by the space of densities Den(R6). For
further details about this identification and other features of the group DiffHam(R
6)×S1, we refer
the reader to [23, 35]. In the momentum map pair (30), the left leg is given by the generalized
Klimontovich solution (20), while the right leg is given as in (29). Interestingly enough, in the
classical case these momentum maps are known to produce a dual pair structure, as discussed
in [24, 25, 33].
We conclude this section by emphasizing its main result: analogous momentum map pairs
occur in both quantum and classical mechanics. While the left leg reproduces quantum mixtures
and Klimontovich solutions (respectively, in the quantum and the classical case), the right leg
yields the Berry curvature and its classical analogue. The next section will apply the momentum
maps occurring in the quantum case to certain models currently used in molecular dynamics
simulations.
4 Momentum maps in quantum molecular dynamics
This section unfolds how the above momentum maps for quantum mixtures appear in quantum
chemistry, with special focus on molecular dynamics models. In this context, one wants to solve
the Schro¨dinger equation for an ensemble of particles comprising a different number of nuclei
and electrons. Given the computational costs of full quantum simulations, different strategies
have been designed over almost a century to approximate the nuclei as classical particles while
treating the electrons in a full quantum setting.
4.1 Born-Oppenheimer approximation and electron mixtures
In quantum molecular dynamics, the most celebrated model is the Born-Oppenheimer approx-
imation [12]. This is based on the following decomposition for the molecular wavefunction:
Ψ(r,x, t) = χ(r, t)ψ(x; r) , (31)
which is then replaced in the multi-body Schro¨dinger equation. Here, the treatment has been
simplified to consider only one electron (coordinates x) and one nucleus (coordinates r). While
χ(r, t) is a genuine wavefunction, ψ(x; r) is considered as an r−dependent wavefunction with
respect to x. As such, one has the so-called partial normalization condition (PNC)
‖ψ(r)‖2 =
ˆ
|ψ(x; r)|2 dx = 1 . (32)
In the context of molecular dynamics, the parameterized wavefunction ψ(x; r) is time-independent
(adiabatic approximation) and is given as the fundamental eigenfunction of a specific Hamilto-
nian operator. Without introducing unnecessary details, it suffices to say that certain approx-
imations are then adopted to solve the dynamics of χ(r, t) numerically.
It is important to remark that, while χ and ψ are often referred to as nuclear and electronic
wavefunction, respectively, these terms do not correspond to genuine pure states for the nucleus
and for the electron. Indeed, as already noticed in [21, 35] the molecular density operator
ρ(r,x, r′,x′) = χ(r)ψ(x; r)χ∗(r′)ψ∗(x′; r′) (33)
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yields the following expressions for the nuclear and electronic density matrices, respectively:
ρn(r, r
′) = χ(r)χ∗(r′)
ˆ
ψ(x; r)ψ∗(x; r′) dx , ρe(r, r
′) =
ˆ
|χ(r)|2ψ(x; r)ψ∗(x′; r) dr .
(34)
Here, the explicit time dependence has been dropped for convenience. Since neither of these
two operators is a projection, one concludes that neither the nucleus nor the electron are in a
pure state and thus the word ‘wavefunction’ lacks physical sense in this context. Hence, both
the nucleus and the electron are in a mixed quantum state. In particular, the electronic state
(second expression above) is represented exactly by the momentum map (14). This shows that
the idea of a generalized mixture emerges naturally in molecular chemistry problems.
Nowadays, the Born-Oppenheimer approximation is often replaced by the adoption of more
sophisticated methods in order to capture more dynamical features of the electronic motion.
Indeed, from the second of (34), we notice that the dynamics of the electron density is entirely
slaved to that of the wavefunction χ, which in turn is often approximated by semiclassical
methods. More complete models are then necessary in order to capture nonadiabatic effects;
that is, to overcome the adiabatic approximation.
4.2 Exact factorization and the Berry curvature
Over the last decade, a model due to Gross and collaborators [1, 2] has been receiving increasing
attention, although its roots are traced back to the works of von Neumann [60] and, in later
years, of Hunter [34]. In essence, the parameterized wavefunction is promoted to be time-
dependent, so that the Born-Oppenheimer approximation (31) is replaced by
Ψ(r,x, t) = χ(r, t)ψ(x, t; r) , (35)
along with the PNC (32), which now becomes ‖ψ(r, t)‖2 = ´ |ψ(x, t; r)|2 dx = 1. The dynam-
ical model resulting from the above solution ansatz for the two-body Schro¨dinger equation is
quite involved, although very rich in geometric content as recently presented in [21], where
analogies with complex fluid models were also disclosed. In analogy to the previous sections,
here we simplify the treatment by restricting to a finite-dimensional electronic Hilbert space,
so that ψ(r) ∈ Cn.
A crucial ingredient emerging in the exact factorization model is the dynamical Berry con-
nection (23). Indeed, as outlined in [4, 21], this quantity generates a Maxwell-like field thereby
producing Lorentz forces in the equations of motion. Thus, the Berry curvature (27) (here,
n = 3)
B(r, t) = ~ Im
ˆ
∇ψ(x, t; r)∗ ×∇ψ(x, t; r) d3x
plays an essential role in exact factorization dynamics. This is another manifestation of the
emergence of momentum maps in molecular chemistry problems: the exact factorization model
comprises the dynamics of both mappings (14) (or, equivalently, the second in (34)) and (22)
in the momentum map pair (28).
It may be important to remark that the presence of a non-zero electric-like field E (which
in this case depends on both wavefunctions χ and ψ) leads to the Faraday-like equation [21]
∂tB = −∇× E , (36)
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so that
d
dt
‹
B · dS = −
˛
E · dx 6= 0 . (37)
The integral of the Berry curvature over a closed surface is then related to topological singu-
larities that form in terms of multi-valued expressions of the phase of ψ. In the context of
the Born-Oppenheimer approximation, these singularities are related to the so called conical
intersections between energy surfaces [6, 48], although this aspect will not be covered in this
paper. In the case of the exact factorization model, one is left with a picture in which phase
singularities may be created by the dynamics and their evolution is an important aspect of the
model (unlike the Born-Oppenheimer case, where singularities are fixed in time). The fact that
topological singularities are given by the right leg of the momentum map pair (28) is another
manifestation of the fundamental role played by momentum maps in mechanical systems.
5 Clebsch representations
The preceding sections have presented several types of momentum maps which emerge in both
quantum and classical dynamical models. While these were already known in the classical
setting [24, 25, 33, 47], new momentum maps were found for the case of quantum dynamics.
Generally speaking, all these momentum maps are examples of Clebsch representations [16, 30,
47]. The latter are defined as momentum maps defined on a symplectic manifold endowed with
a canonical symplectic form, which is the case for the representation spaces considered so far.
The concept of a Clebsch representation may actually lead to considering special types of
solutions for certain Lie-Poisson equations. This fact was first exploited by Clebsch himself in
fluid dynamics [16], while the geometric construction underlying Clebsch representations was
developed much later [47] in terms of momentum maps generalizing the original formulation
of Clebsch canonical variables. In the cases considered before, it is clear that the Clebsch
representations are provided by the right legs of the momentum map pairs in (28) and (30).
This picture allows the discovery of other types of momentum map solutions that are defined
on different representation spaces carrying a canonical group action. For example, Koopman’s
wavefunction description of classical dynamics [42] has been attracting increasing attention
(see e.g. [10, 11, 53]) due to its analogies to quantum mechanics. However, other types of
Clebsch representations also appeared in the context of density matrix evolution. For example,
in 1986 Uhlmann [58] presented an alternative representation of the density matrix in terms
of the evolution of linear operators on the quantum Hilbert space. This kind of alternative
representations in both quantum and classical mechanics is the subject of the next sections.
5.1 Uhlmann’s quantum density operator
Within the context of holonomy in quantum dynamics, in 1986 Uhlmann [58] wrote the density
operator in terms of an abstract linear operator W ∈ L(V,H ) from some vector space V
(which we take again finite-dimensional) to the quantum Hilbert space. More specifically, the
density operator was written as
ρ = WW † . (38)
It is clear that if V is trivial, then W reduces to a wavefunction ψ ∈ H . Otherwise, the
density matrix (38) does not identify a pure state unless W †W = 1, that is ρ2 = ρ. One of the
purposes of this section is to show that (38) determines a Clebsch representation L(V,H )→
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u(H )∗. This proof needs only two ingredients on L(V,H ): a canonical symplectic form and
a Hamiltonian action of U(H ). The first is simply given by
ω(W1,W2) = 2~ Im
[
Tr(W †1W2)
]
, (39)
while the left action of U(H ) is given by
W 7→ UW . (40)
Since the infinitesimal generator reads W 7→ ξW , with ξ ∈ u(H ), we compute
1
2
ω(ξW,W ) = ~Re
[
Tr(iW †ξW )
]
= 〈−i~WW †, ξ〉 , (41)
thereby leading to the momentum mapW 7→ −i~ρ. Now, since the space L(V,H ) is canonical,
W satisfies canonical Hamiltonian motion so that replacing (38) in the quantum Liouville
equation yields the following Schro¨dinger-type equation on L(V,H ):
i~∂tW = HW . (42)
Notice that, in the special case V = H , the operatorW is a linear operator on the quantum
Hilbert space H (that is W ∈ L(H )). In this particular case, the unitary group U(H ) carries
the alternative representation
W 7→ UWU † ,
whose infinitesimal generator reads W 7→ [ξ,W ]. In this particular setting, the corresponding
momentum map reads
W 7→ −i~[W,W †] .
Notice, however, that this momentum map does not produce a Clebsch representation for the
density operator ρ, since Tr[W,W †] = 0. Still, this last construction can be adopted to provide
a generalized Clebsch representation for ρ that is defined on the Cartesian product H ×L(H ).
Indeed, upon importing the natural product symplectic form on H ×L(H ), the Hamiltonian
action
(ψ,W ) 7→ (Uψ, UWU †)
produces the momentum map (ψ,W ) 7→ −i~ρ, with
ρ = ψψ† + [W,W †] .
Here, Tr ρ = 1 and ρ > 0 are both preserved by the unitary evolution ρ = Uρ0U
†, which in
turn preserves also the purity of the state since ρ2 − ρ = U(ρ20 − ρ0)U . Then substitution of
the above expression in the quantum Liouville equation yields the uncoupled equations
i~∂tψ = Hψ , i~∂tW = [H,W ] .
It is not known whether this type of momentum map solutions of the quantum Liouville
equation (1) may have any physical meaning. It is certainly true that the density operator in
quantum mechanics is only defined up to a commutator and this observation might be used to
formulate generalized theories of quantum mechanics. However, these are beyond the scope of
this paper.
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5.2 Wavefunctions in classical mechanics
In the classical setting, a Clebsch representation for the Liouville equation has been known since
the early 80’s [50] and it is essentially an immediate generalization of the Clebsch representation
for the vorticity of planar incompressible flows. If (S,D) ∈ T ∗F(R6, S1), then a Clebsch
representation momentum map T ∗F(R6, S1)→ Den(R6) is given as
(S,D) 7→ {D,S} , (43)
where we recall that {·, ·} denotes the canonical Poisson bracket. This momentum map is
associated to the cotangent lift of the natural right action of DiffHam(R
6) × S1 on F(R6, S1),
that is given by the pullback S 7→ η∗S with (η, κ) ∈ DiffHam(R6)× S1. The next section shows
how this construction applies to the Koopman-von Naumann formulation of classical mechanics
[42, 61]. In this section, we are forced to work with infinite-dimensional Hilbert spaces and thus
the discussion proceeds only formally. A more detailed presentation of these topics is currently
under development [22].
5.2.1 Koopman-von Neumann classical mechanics
A similar structure as in (43) can also be found by considering the symplectic Hilbert space
H = L2(R6) with the symplectic form in (3), that is
ω(ψ1, ψ2) = 2~ Im
ˆ
ψ∗1(z)ψ2(z) d
6z . (44)
Here, we have introduced the notation z = (q,p) ∈ R6. In this case, the pullback action
ψ 7→ η∗ψ of the strict contact transformation (η, κ) ∈ DiffHam(R6) × S1 on the Hilbert space
H = L2(R6) gives the momentum map
ψ 7→ i~{ψ, ψ∗} . (45)
Notice that the polar form ψ =
√
DeiS/~ returns exactly the expression in (43). Then, we
notice that replacing the Clebsch representation
f(z) = i~{ψ(z), ψ∗(z)} (46)
in the Liouville equation (5) yields the evolution equation for ψ, which can be written in the
Schro¨dinger-like form
i~∂tψ = LHψ , LH := i~{H, } . (47)
The self-adjoint operator LH is called the Liouvillian and the ψ−equation in (47) is the
Koopman-von Neumann (KvN) equation of classical mechanics [42, 61]. However, we no-
tice that the Clebsch representation (46) is not compatible with the normalization condition´
f = 1 and thus it is not a genuine representation of classical mechanics. However, since |ψ|2
satisfies the Liouville equation, the KvN construction adopts the identification
f(z) = |ψ(z)|2 (48)
in place of (46). We note in passing that the quantity |ψ|2 is itself another momentum map for
the action ψ(z) 7→ e−iθ(z)/~ψ(z) of local phases θ(z) ∈ F(R6, S1) on the Hilbert space L2(R6).
5.2.2 Koopman-van Hove classical mechanics
Here, we are left with a picture in which the KvN equation is Hamiltonian with symplectic form
(44) and Hamiltonian functional h(ψ) = i~
´
H{ψ∗, ψ}. The latter differs from the physical
total energy, which instead would read
´
H|ψ|2 by following the KvN prescription f = |ψ|2.
This apparent inconsistency, was recently overcome in [11] by considering an alternative action
of DiffHam(R
6) × S1 on classical wavefunctions ψ ∈ L2(R6). As reported in van Hove’s thesis,
this action is given by
ψ 7→ ei~−1[κ+
´
z
0
(η∗A−A)] η∗ψ , (η, κ) ∈ DiffHam(R6)× S1 , (49)
where A = −p ·dq is the symplectic potential such that the canonical symplectic form on R6 is
given as ωcan = dA. In turn, as shown in [11], this action produces the Clebsch representation
momentum map
f = |ψ|2 + div[ψ∗J (A− i~∇)ψ]
= |ψ|2 + div(|ψ|2JA) + i~{ψ, ψ∗} . (50)
While comprising both momentum maps appearing previously in this section, this representa-
tion has the advantage that
´
f =
´ |ψ|2 = 1, for a suitably normalized wavefunction. In turn,
replacing (50) in the Liouville equation (5) yields a modified version of the KvN equation (47)
previously appeared in [28, 41], that is
i~∂tψ = LHψ , LH := LH − L . (51)
Here,
L := XH ·A−H (52)
is the Lagrangian function, as it arises from the phase term in the group action (49). No-
tice that this group action produces the infinitesimal generator i~LH , which in turn satisfies
[LH ,LK ] = i~L{H,K}. Partly inspired by Kirillov [38], this equation (51) has been called
Koopman-van Hove (KvH) equation and the self-adjoint operator LH is called prequantum
operator in prequantization theory [29]. As mentioned earlier, the KvH equation (51) first
appeared in [28, 41], although the relation (50) between the classical wavefunction ψ(z) and
the Liouville density function was discovered only recently in [11].
The main relation between the KvN and KvH constructions is that KvH reproduces the
KvN equation for the modulus D = |ψ|2, while it also carries the evolution for the phase.
Indeed, the polar form ψ =
√
DeiS/~ yields the relations [39]
∂tS = {H,S}+ L , ∂tD = {H,D} . (53)
The classical phase is then a fundamental ingredient of KvH theory, which therefore can be
regarded as a completion of the KvN construction. The dynamics of the phase can be written
in terms of A as follows. Using £XHA = −dL (here, £XH denotes the Lie derivative along
XH) leads to
(∂t +£XH )(dS +A) = 0 ,
which produces the relation η∗(dS + A) = const. Then, upon setting the constant to be A
itself, we have the usual relation [46] dS = η∗A−A. This is simply another manifestation of
the evolution equation for the classical wavefunction
ψ = ei~
−1
´
z
0 (η∗A−A) η∗ψ0 (54)
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(up to a global phase factor), as it emerges by formally integrating the KvH equation (51).
The KvH construction was recently used in [11] to formulate a classical-quantum wave equa-
tion for the Hamiltonian dynamics of hybrid classical-quantum systems. Such a formulation
has been an open question for over 40 years, since Sudarshan’s first proposal [57] of using KvN
for modeling hybrid systems. The fact that the Clebsch representation (50) has finally led to a
consistent Hamiltonian theory for classical-quantum dynamics is among the best successes of
momentum map methods.
6 Conclusions
This paper has disclosed various types of momentum maps underlying both quantum and
classical dynamics. While most of them were already known in the classical setting, new
momentum map features were presented for mixed quantum states and it was shown how they
emerge in dynamical models for molecular dynamics. As an example, we showed how the
celebrated Berry curvature determines the right leg of a momentum map pair, whose left leg
identifies the electronic density matrix in the Born-Oppenheimer approximation.
In the second part of the paper, we showed how new momentum maps produce different rep-
resentations of both the quantum density matrix and the classical probability density. Indeed,
Uhlmann’s density matrix was recovered as a special example of this construction and it would
be interesting to know whether its possible generalizations could be of any physical significance.
In the classical case, the Koopman-von Neumann construction was completed to include the
dynamics of the classical phase, thereby leading to the Koopman-von Neumann theory. In the
latter case, KvH theory is being currently used for designing hybrid classical-quantum models.
The momentum maps which appeared in this paper are fundamental objects in both quan-
tum and classical mechanics, since they are produced by the actions of the most general groups
determining the equations of motion in each case (e.g. the unitary group and the strict contact
transformations). For example, many other momentum maps can be reproduced from those
in this paper by appropriate projections arising from the action of suitable subgroups. It is
expected that the momentum maps presented here will open the way to the development of
geometric tools for new models in quantum physics and chemistry. An example is provided by
the recent work [21] on exact factorization models.
Another interesting perspective involves the hydrodynamic picture of mixed states. This
can be formulated by combining the Madelung transform [45] with the mixture momentum map
underlying (11). This approach could lead to interesting closure models in chemical physics,
along the lines of the recent developments in [21]. In analogy with the Koopman setting, this
construction involves wavefunctions defined on the full infinite-dimensional Hilbert space space
of square-integrable functions. Since this would involve introducing several aspects that were
not treated in this paper, the discussion of quantum hydrodynamics for mixed states is left as
a promising direction for further work in geometric quantum dynamics.
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